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Abstract

● Investigated impact of MPI rank-reordering and BLACS 
grid topology on advanced polar decompositions of 
dense matrices.
● Naturally assumed to be compute bound, but in the strong scaling 

limit the algorithms suffer from communication and load balancing.
● Modifying grid topology and rank-reordering improves both. 

● QDWH and ZOLOPD algorithms based on ScaLAPACK.
● Used profiling to identify affected code regions.

● Focused on QDHW which benefits more from these modifications.
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Context of this Work

● Cray Center of Excellence at King Abdullah University 
of Science and Technology (KAUST).
● High-level collaborations with principal investigators in areas 

ranging from traditional HPC (Combustion, Linear Algebra, …) to 
Analytics and Machine Learning.

● Maintained by the Cray EMEA Research LAB (CERL)
● Hierarchical Computations on Manycore Architectures

● Is the project from which the present work arose.
● Extreme Computing Research Lab at KAUST. 
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● (a) column-major global rank ordering used internally 
● (b) SMP-style rank ordering used by default on the Cray XC 

system. Red arrows correspond to the ones in (a). 

● (c) Rank reo-rdering file yielding the placement shown in (a). 
● The cray-mpich library allows to override the default MPI rank 

placement scheme by means of the MPICH_RANK_REORDER_METHOD 
environment variable. 
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Figure 1: (a) Column-major global rank ordering used inter-
nally by an application. Blue lines denote the compute node
boundaries and red arrows only the vertical communication
for simplicity (color online). (b) SMP-style rank ordering
used by default on the Cray XC system. Red arrows corre-
spond to the ones in (a). (c) Rank reordering file yielding
the placement shown in (a).

of options an equivalent placement can be achieved. For both
launchers, sequential MPI ranks are placed on the same node
by default which is referred to as the SMP-style placement
of processing elements. The cray-mpich library allows
to override the default MPI rank placement scheme by
means of the MPICH_RANK_REORDER_METHOD environ-
ment variable. This runtime parameter accepts values from
0� 4, where 1 is the SMP scheme and 3 allows to specify
a custom rank placement which is the focus of this work.
This custom rank reordering method allows the specification
of a file MPICH_RANK_ORDER containing a permutation
of {0, . . . , P � 1}. The rows are comma-separated and the
file is parsed from left to right and top to bottom. The
MPI ranks of the application are placed in this order on
the compute nodes. An example is shown in Fig. 1 (c). In
the simplified case of a two-dimensional nearest neighbor
point-to-point communication pattern, a code could logically
organize the ranks in a column-major order internally, as
shown in Fig. 1 (a), while ranks are physically placed by
default in SMP-style, as shown in Fig. 1 (b). In this scenario,
a third of the off-node traffic, which is considerably more
expensive than on-node communication, could be saved
with a custom rank reordering such as in Fig. 1 (a) using
the rank reorder file shown in Fig. 1 (c) which restored
consistency between physical and logical rank placement.
The MPICH_RANK_ORDER can be generated manually in
case of small P or by means of the grid_order tool on
Cray systems. This utility creates a rank order list for an
MPI application that uses communication between nearest
neighbors in a grid. The main command line arguments
are the global grid dimensions (-g N1,N2...) and the
dimensions of the cells into which the grid is subdivided
(-c n1,n2...). In addition, one can specify if the grid
follows a column-major (-C) of row-major (-R) ordering.
It is preferable, but not required, that each cell dimension
evenly divides the corresponding grid dimension, and that
the product of the cell dimensions is equal to the number
ranks that will be placed on a node. All rank numbers that

fall into a given cell will be listed consecutively in the rank
order that is produced and thus placed on the same compute
node. Note that the MPICH_RANK_ORDER only specifies
which ranks are grouped together on a compute node but not
on which particular node. The impact of specific node place-
ment is considered to be negligible for the application in this
work, especially on a dedicated XC system. However, setting
the MPICH_RANK_REORDER_DISPLAY causes rank 0 to
display which specific node each MPI rank resides in.

Given the vast variety of point-to-point communication
patterns, the default SMP-style placement is probably not
much worse than other schemes in terms of off-node com-
munication for average workloads. However, in case of
regular point-to-point communication, the network traffic
can be considerably reduced with an appropriate custom rank
reordering an thus reduce execution time.

III. POLAR DECOMPOSITION

A. Introduction

The polar decomposition (PD) for dense matrices is a
major decomposition used in many applications including
aerospace computations [3], chemistry [4]. More recently, it
has been used as a building block to compute the singular
value decomposition (SVD) and the symmetric eigenvalue
decomposition (EVD) [5]. The QDWH/ZOLO-PD algo-
rithms are iterative methods, both are backward stable and
composed by successive calls to highly parallel compute-
bound matrix operations (e.g., QR, Cholesky, matrix-matrix
multiplication, more details can be found in [5], [6].

The polar decomposition of the matrix A 2 Rm⇥n

(m � n) is written A = UpH , where Up is an orthogonal
matrix and H =

p
A>A is a symmetric positive semidefinite

matrix.

B. The QDWH-based Polar Decomposition

The inverse-free QDWH-based iterative procedure to cal-
culate the polar decomposition as follows [5]:
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When, the matrix A is well-conditioned or its condition
number get improved after k iterations, it is possible to
replace Eq. (1) with a Cholesky-based implementation as
follows:
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Rank-Reordering Feature of cray-mpich
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ScaLAPACK Grid Topology

● Basic Linear Algebra Communication Subroutines
● Cblacs_gridinit( &ictxt, "R", P, Q );
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● Of the form A=UP, where U is a unitary matrix and P is 
a positive-semidefinite Hermitian matrix 
● Can be computed with Heron’s method
● More advanced (inverse-free) algorithms are 

● QR-based Dynamically Weighted Halley method (QDWH) 
● Zolotarev rational functions (ZOLOPD). 

● PD is the first computational step toward solving 
symmetric eigenvalue problems and the singular value 
de- composition. 

Polar Decomposition
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Polar Decomposition

CUG 2018 Copyright 2018 Cray Inc.
7

1 5 9 13

2 6 10 14

3 7 11 15

4 8 12 16

1 3 9 11

2 4 10 12

5 7 13 15

6 8 14 16(a) (c)(b)

1, 5, 2, 6
3, 7, 4, 8
9, 13, 10, 14
11, 15, 12, 16

MPICH_RANK_ORDER

Figure 1: (a) Column-major global rank ordering used inter-
nally by an application. Blue lines denote the compute node
boundaries and red arrows only the vertical communication
for simplicity (color online). (b) SMP-style rank ordering
used by default on the Cray XC system. Red arrows corre-
spond to the ones in (a). (c) Rank reordering file yielding
the placement shown in (a).

of options an equivalent placement can be achieved. For both
launchers, sequential MPI ranks are placed on the same node
by default which is referred to as the SMP-style placement
of processing elements. The cray-mpich library allows
to override the default MPI rank placement scheme by
means of the MPICH_RANK_REORDER_METHOD environ-
ment variable. This runtime parameter accepts values from
0� 4, where 1 is the SMP scheme and 3 allows to specify
a custom rank placement which is the focus of this work.
This custom rank reordering method allows the specification
of a file MPICH_RANK_ORDER containing a permutation
of {0, . . . , P � 1}. The rows are comma-separated and the
file is parsed from left to right and top to bottom. The
MPI ranks of the application are placed in this order on
the compute nodes. An example is shown in Fig. 1 (c). In
the simplified case of a two-dimensional nearest neighbor
point-to-point communication pattern, a code could logically
organize the ranks in a column-major order internally, as
shown in Fig. 1 (a), while ranks are physically placed by
default in SMP-style, as shown in Fig. 1 (b). In this scenario,
a third of the off-node traffic, which is considerably more
expensive than on-node communication, could be saved
with a custom rank reordering such as in Fig. 1 (a) using
the rank reorder file shown in Fig. 1 (c) which restored
consistency between physical and logical rank placement.
The MPICH_RANK_ORDER can be generated manually in
case of small P or by means of the grid_order tool on
Cray systems. This utility creates a rank order list for an
MPI application that uses communication between nearest
neighbors in a grid. The main command line arguments
are the global grid dimensions (-g N1,N2...) and the
dimensions of the cells into which the grid is subdivided
(-c n1,n2...). In addition, one can specify if the grid
follows a column-major (-C) of row-major (-R) ordering.
It is preferable, but not required, that each cell dimension
evenly divides the corresponding grid dimension, and that
the product of the cell dimensions is equal to the number
ranks that will be placed on a node. All rank numbers that
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Figure 1: (a) Column-major global rank ordering used inter-
nally by an application. Blue lines denote the compute node
boundaries and red arrows only the vertical communication
for simplicity (color online). (b) SMP-style rank ordering
used by default on the Cray XC system. Red arrows corre-
spond to the ones in (a). (c) Rank reordering file yielding
the placement shown in (a).
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to override the default MPI rank placement scheme by
means of the MPICH_RANK_REORDER_METHOD environ-
ment variable. This runtime parameter accepts values from
0� 4, where 1 is the SMP scheme and 3 allows to specify
a custom rank placement which is the focus of this work.
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Which reduces the algorithmic complexity, and therefore
speed up the overall computation. Further details can be
found in [7] and [5]

C. The ZOLO-PD Polar Decomposition
The main idea behind the ZOLO-PD algorithm is to

generalize the rational approximant underlying the QDWH
iterations, which results in the following iteration:
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This exemplify r embarrassingly parallel QR factoriza-
tions and matrix-matrix multiplications Qj1Q

⇤
j2. For ill-

conditioned matrices in double precision arithmetic, r = 8,
which reveals that the number of iterations to converge is
2, more analysis can be found in [6] and [8]. Similar to the
QDWH algorithm, the QR iterations in (3) can be replaced
with Cholesky-based iterations with a lower arithmetic cost,
as in (2), once Xk is well-conditioned.

D. Algorithmic Complexity and Memory Footprint
For ill-conditioned matrices with condition number

 = 1012, QDWH performs 2 QR-based iterations followed
by 4 Cholesky-based iterations, and ZOLO-PD requires
two successive iterations with r = 8 as experimented
in [8]. Computing the ZOLO-PD iterations in a parallel
fashion, emerge the trade-off between degree of parallelism
and memory allocation. The independent execution of
ZOLO-PD iterations requires distinct data structure equal
to the number of the parallel problems. The following table
compares the flop count and memory footprint of QDWH
and ZOLO-PD for matrices with  = 1012.

Table I: Algorithmic complexity and memory footprint for
various PD algorithms with 2(A) = 1012.

Successive Independent
QDWH ZOLO-PD ZOLO-PD

# QR-based iterations 2 8 1
# Cholesky-based iterations 4 8 1
Algorithmic complexity 33n3 100n3 15 n3

Memory footprint 6n2 6n2 48n2

E. Successive versus Independent Trade-off
In QDWH, the PD iterations are done successively, and

therefore, all processes work together in computing the QR
and Cholesky-based iterations (up to six), while in ZOLO-
PD, although the PD iterations are performed in parallel, the
overall number of processes is split in process subgroups to
work independently on each iteration as depicted in 2. This
highlights the fundamental performance trade-off between

(a) Process grid for QDWH.

(b) Process grid for ZOLO.

Figure 2: Process Grid for QDWH and ZOLO-PD

this two PD algorithms: successive versus independent PD
iterations and all processes versus process subgroup per PD.

IV. SIMULATION RESULTS

The test bed for the simulations consists of a dedicated
Cray XC system featuring dual Intel Broadwell proces-
sor compute nodes with 128GB DDR4 memory each and
running with Moab/Torque+ALPS. The number of cores
and base clock frequencies are not uniform across com-
pute nodes. Only 32 cores per node were used with a
frequency capped to 2.1GHz for the experiments. This
amounts to 1075.2 GFlops/s single precision theoretical peak
performance per node. The codes were built with the Intel
Compiler 17.0.1.132 and the corresponding MKL libary for
the basic linear algebra computations. Hugepages were used
for the factorizations. The matrix sizes considered for the
polar decomposition with QDWH and ZOLOPD range from
71680 to 122880 in steps of 10240 and are factorized on
200, 400, and 800 compute nodes using one MPI rank per
core, where the MPI ranks are arranged by ScaLAPACK
in a row-major order on a P ⇥ Q grid. The different rank
reordering schemes for the simulations are summarized in
Table II. Both row-major and column-major global rank
re-orderings have been considered with two different on-
node orderings. For a given amount of compute nodes,
and therefore total number of MPI ranks, only a few grid
topologies P ⇥ Q are possible with a compatible rank
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in a row-major order on a P ⇥ Q grid. The different rank
reordering schemes for the simulations are summarized in
Table II. Both row-major and column-major global rank
re-orderings have been considered with two different on-
node orderings. For a given amount of compute nodes,
and therefore total number of MPI ranks, only a few grid
topologies P ⇥ Q are possible with a compatible rank

Which reduces the algorithmic complexity, and therefore
speed up the overall computation. Further details can be
found in [7] and [5]

C. The ZOLO-PD Polar Decomposition
The main idea behind the ZOLO-PD algorithm is to

generalize the rational approximant underlying the QDWH
iterations, which results in the following iteration:


Xp

c2j�1I

�
=


Qj1

Qj2

�
Rj ,

Z2r+1(X; `) = X + ⌃r
j=1

ajp
c2j�1

Qj1Q
⇤
j2.

(3)

This exemplify r embarrassingly parallel QR factoriza-
tions and matrix-matrix multiplications Qj1Q

⇤
j2. For ill-

conditioned matrices in double precision arithmetic, r = 8,
which reveals that the number of iterations to converge is
2, more analysis can be found in [6] and [8]. Similar to the
QDWH algorithm, the QR iterations in (3) can be replaced
with Cholesky-based iterations with a lower arithmetic cost,
as in (2), once Xk is well-conditioned.

D. Algorithmic Complexity and Memory Footprint
For ill-conditioned matrices with condition number

 = 1012, QDWH performs 2 QR-based iterations followed
by 4 Cholesky-based iterations, and ZOLO-PD requires
two successive iterations with r = 8 as experimented
in [8]. Computing the ZOLO-PD iterations in a parallel
fashion, emerge the trade-off between degree of parallelism
and memory allocation. The independent execution of
ZOLO-PD iterations requires distinct data structure equal
to the number of the parallel problems. The following table
compares the flop count and memory footprint of QDWH
and ZOLO-PD for matrices with  = 1012.

Table I: Algorithmic complexity and memory footprint for
various PD algorithms with 2(A) = 1012.

Successive Independent
QDWH ZOLO-PD ZOLO-PD

# QR-based iterations 2 8 1
# Cholesky-based iterations 4 8 1
Algorithmic complexity 33n3 100n3 15 n3

Memory footprint 6n2 6n2 48n2

E. Successive versus Independent Trade-off
In QDWH, the PD iterations are done successively, and

therefore, all processes work together in computing the QR
and Cholesky-based iterations (up to six), while in ZOLO-
PD, although the PD iterations are performed in parallel, the
overall number of processes is split in process subgroups to
work independently on each iteration as depicted in 2. This
highlights the fundamental performance trade-off between

(a) Process grid for QDWH.

(b) Process grid for ZOLO.

Figure 2: Process Grid for QDWH and ZOLO-PD

this two PD algorithms: successive versus independent PD
iterations and all processes versus process subgroup per PD.

IV. SIMULATION RESULTS

The test bed for the simulations consists of a dedicated
Cray XC system featuring dual Intel Broadwell proces-
sor compute nodes with 128GB DDR4 memory each and
running with Moab/Torque+ALPS. The number of cores
and base clock frequencies are not uniform across com-
pute nodes. Only 32 cores per node were used with a
frequency capped to 2.1GHz for the experiments. This
amounts to 1075.2 GFlops/s single precision theoretical peak
performance per node. The codes were built with the Intel
Compiler 17.0.1.132 and the corresponding MKL libary for
the basic linear algebra computations. Hugepages were used
for the factorizations. The matrix sizes considered for the
polar decomposition with QDWH and ZOLOPD range from
71680 to 122880 in steps of 10240 and are factorized on
200, 400, and 800 compute nodes using one MPI rank per
core, where the MPI ranks are arranged by ScaLAPACK
in a row-major order on a P ⇥ Q grid. The different rank
reordering schemes for the simulations are summarized in
Table II. Both row-major and column-major global rank
re-orderings have been considered with two different on-
node orderings. For a given amount of compute nodes,
and therefore total number of MPI ranks, only a few grid
topologies P ⇥ Q are possible with a compatible rank

QDWH ZOLOPD

Maximum of 6 iterations

Sub-problems joined in
a large matrix.



● Dedicated Cray XC system 
● Featuring dual Intel Broadwell processor compute nodes with 
● 128GB DDR4 memory each 
● Running with Moab/Torque+ALPS. 

● Number of cores and base clock frequencies are not uniform across compute nodes. 
● Only 32 cores per node were used with a frequency capped to 2.1GHz for the 

experiments. 
● The codes were built with the Intel Compiler 17.0.1.132 and the corresponding MKL 

libary for the basic linear algebra computations
● Matrices considered in QDWH and ZOLOPD 

● Range from 71680 to 122880 in steps of 10240 and are factorized on 200, 
400, and 800 compute nodes using one MPI rank per core, where the MPI 
ranks are arranged by ScaLAPACK in a row-major order on a P × Q grid. 

Simulation Setup
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● Only a few grid topologies 
P×Q are possible with a 
compatible rank-
reordering.

Simulation Setup
Table II: Different rank re-orderings for the same simulation
grid P ⇥Q with corresponding label. Scheme 0 corresponds
to the default SMP-style ordering.

Command Label
<no reordering> 0

grid_order -R -c 8,4 -g P,Q 1
grid_order -R -c 4,8 -g P,Q 2
grid_order -C -c 8,4 -g P,Q 3
grid_order -C -c 4,8 -g P,Q 4

Table III: Combinations of rank reordering strategies and
processor grid topologies P ⇥ Q on 800, 400, and 200
compute nodes for the QDWH algorithm with corresponding
labels. The numbers in the reorder column correspond to the
labels from Tab. II.

Nodes Ranks P Q R = P/Q Reorder Label
0 v1 0
1 v1 1

160 160 1 2 v1 2
3 v1 3
4 v1 4
0 v2 0
1 v2 1

800 25600 128 200 0.64 2 v2 2
3 v2 3
4 v2 4
0 v3 2

100 256 0.39 2 v3 3
4 v3 4

50 512 0.098 0 v4 0
0 v1 0

100 128 0.78 2 v1 2
4 v1 4
0 v2 0
1 v2 1

80 160 0.5 2 v2 2
3 v2 3
4 v2 4

400 12800 0 v3 0
1 v3 1

64 200 0.3 2 v3 2
3 v3 3
4 v3 4
0 v4 0
1 v4 1

32 400 0.08 2 v4 2
3 v4 3
4 v4 4
0 v1 0
1 v1 1

80 80 1 2 v1 2
3 v1 3
4 v1 4
0 v2 0

200 6400 64 100 0.64 1 v2 1
3 v2 2
0 v3 0
1 v3 1

32 200 0.16 2 v3 2
3 v3 3
4 v3 4

reordering. Table III summarizes the combinations used for
the QDHW algorithm. Similarly, Tab. IV summarizes the

combinations of rank re-orderings and grid topologies P⇥Q
used for the ZOLOPD algorithm. The 8 sub-problems are
solved on a sub-grid p ⇥ q which represents an additional
degree of freedom compared to QDWH. Again, only a few
compatible combinations of P , Q, p, and q exist for a given
total amount to MPI ranks. The complete set of results
for the QDWH algorithm, i.e. solver time as a function
of matrix size N for 800, 400, and 200 compute nodes,
and different combinations of re-orderings schemes as well
as grid topologies is given in Fig. 5. And the full set of
results for the ZOLOPD algorithm is shown in Fig. 6. In
particular, Fig. 3 shows the QDWH and ZOLOPD solver
time for the largest matrix with N = 122880 as a function
of the ratio R = P/Q, and r = p/q for ZOLOPD, for
different reordering strategies. Sukkari et.al. [9] observed
an improvement of the total execution time for the QDWH
algorithm when lowering the ratio R without reordering
and this effect is also visible here over a wider range of
R. Using a rank reordering which is consistent with the
ScaLAPACK grid topology layout, i.e. row-major in this
case, is more beneficial than column-major especially on a
large amount of nodes, where network traffic starts to prevail
over computation. Furthermore, the on-node reordering -c
4,8 yields a considerable better performance than -c 8,4
only for R = 1. When rank reordering is in use, the
best performance is not achieved for large R but for an
intermediate ratio. Figure 3 allows to identify the overall
best combination of rank reordering and grid topology which
never coincides with the default SMP-style ordering. In the
case of the largest matrix on 800 nodes the combination
P = 128, Q = 200, and reorder1 yields an improvement
of 54% over the SPM-style ordering on a square processor
grid. This is also the best combination for the smallest
matrix which achieves an improvement of 58% but is not
shown here. Similarly, an optimal combination of reordering
and topology can be identified for smaller node counts
which is also not discussed here. Choosing row-major (1
and 2), which is consistent with the ScaLAPACK ordering,
instead of column-major (3 and 4) rank reordering yields a
smaller difference in performance for the square topology
compared to the rectangular cases as shown in Fig. 3. On
the other hand, the ZOLOPD algorithm does not manifest a
comparable improvement when rank reordering or different
grid topologies are used as shown in Fig. 3. However, strong
scaling behavior is improved in both cases when using the
best combination instead of the least performant SMP-style
ordering as can be seen in Fig. 4. The best solver times
approach the ideal scaling curve of the least performant
SMP-style ordering in the strong scaling limit.

V. PROFILING ANALYSIS

The impact of rank reordering and variation of grid
topology on the QDWH polar decomposition of the largest
matrix N = 122880 on 800 nodes is investigated by means
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Table II: Different rank re-orderings for the same simulation
grid P ⇥Q with corresponding label. Scheme 0 corresponds
to the default SMP-style ordering.

Command Label
<no reordering> 0

grid_order -R -c 8,4 -g P,Q 1
grid_order -R -c 4,8 -g P,Q 2
grid_order -C -c 8,4 -g P,Q 3
grid_order -C -c 4,8 -g P,Q 4

Table III: Combinations of rank reordering strategies and
processor grid topologies P ⇥ Q on 800, 400, and 200
compute nodes for the QDWH algorithm with corresponding
labels. The numbers in the reorder column correspond to the
labels from Tab. II.

Nodes Ranks P Q R = P/Q Reorder Label
0 v1 0
1 v1 1

160 160 1 2 v1 2
3 v1 3
4 v1 4
0 v2 0
1 v2 1

800 25600 128 200 0.64 2 v2 2
3 v2 3
4 v2 4
0 v3 2

100 256 0.39 2 v3 3
4 v3 4

50 512 0.098 0 v4 0
0 v1 0

100 128 0.78 2 v1 2
4 v1 4
0 v2 0
1 v2 1

80 160 0.5 2 v2 2
3 v2 3
4 v2 4

400 12800 0 v3 0
1 v3 1

64 200 0.3 2 v3 2
3 v3 3
4 v3 4
0 v4 0
1 v4 1

32 400 0.08 2 v4 2
3 v4 3
4 v4 4
0 v1 0
1 v1 1

80 80 1 2 v1 2
3 v1 3
4 v1 4
0 v2 0

200 6400 64 100 0.64 1 v2 1
3 v2 2
0 v3 0
1 v3 1

32 200 0.16 2 v3 2
3 v3 3
4 v3 4

reordering. Table III summarizes the combinations used for
the QDHW algorithm. Similarly, Tab. IV summarizes the

combinations of rank re-orderings and grid topologies P⇥Q
used for the ZOLOPD algorithm. The 8 sub-problems are
solved on a sub-grid p ⇥ q which represents an additional
degree of freedom compared to QDWH. Again, only a few
compatible combinations of P , Q, p, and q exist for a given
total amount to MPI ranks. The complete set of results
for the QDWH algorithm, i.e. solver time as a function
of matrix size N for 800, 400, and 200 compute nodes,
and different combinations of re-orderings schemes as well
as grid topologies is given in Fig. 5. And the full set of
results for the ZOLOPD algorithm is shown in Fig. 6. In
particular, Fig. 3 shows the QDWH and ZOLOPD solver
time for the largest matrix with N = 122880 as a function
of the ratio R = P/Q, and r = p/q for ZOLOPD, for
different reordering strategies. Sukkari et.al. [9] observed
an improvement of the total execution time for the QDWH
algorithm when lowering the ratio R without reordering
and this effect is also visible here over a wider range of
R. Using a rank reordering which is consistent with the
ScaLAPACK grid topology layout, i.e. row-major in this
case, is more beneficial than column-major especially on a
large amount of nodes, where network traffic starts to prevail
over computation. Furthermore, the on-node reordering -c
4,8 yields a considerable better performance than -c 8,4
only for R = 1. When rank reordering is in use, the
best performance is not achieved for large R but for an
intermediate ratio. Figure 3 allows to identify the overall
best combination of rank reordering and grid topology which
never coincides with the default SMP-style ordering. In the
case of the largest matrix on 800 nodes the combination
P = 128, Q = 200, and reorder1 yields an improvement
of 54% over the SPM-style ordering on a square processor
grid. This is also the best combination for the smallest
matrix which achieves an improvement of 58% but is not
shown here. Similarly, an optimal combination of reordering
and topology can be identified for smaller node counts
which is also not discussed here. Choosing row-major (1
and 2), which is consistent with the ScaLAPACK ordering,
instead of column-major (3 and 4) rank reordering yields a
smaller difference in performance for the square topology
compared to the rectangular cases as shown in Fig. 3. On
the other hand, the ZOLOPD algorithm does not manifest a
comparable improvement when rank reordering or different
grid topologies are used as shown in Fig. 3. However, strong
scaling behavior is improved in both cases when using the
best combination instead of the least performant SMP-style
ordering as can be seen in Fig. 4. The best solver times
approach the ideal scaling curve of the least performant
SMP-style ordering in the strong scaling limit.

V. PROFILING ANALYSIS

The impact of rank reordering and variation of grid
topology on the QDWH polar decomposition of the largest
matrix N = 122880 on 800 nodes is investigated by means

Table IV: Combinations of rank reordering strategies and global processor grid topologies P ⇥ Q as well as the sub-grid
layouts p⇥ q for the 8 sub-porblems on 800, 400, and 200 compute nodes for the ZOLOPD algorithm with corresponding
labels. The numbers in the reorder column correspond to the labels from Table. II.

Nodes Ranks P Q p q R = P/Q r = p/q Reorder Label
1 v1 0
1 v1 1

80 320 40 80 0.25 0.5 2 v1 2
3 v1 3
4 v1 4
0 v2 0

800 25600 80 320 20 160 0.25 0.125 2 v2 2
4 v2 4
0 v3 0
1 v3 1

160 160 40 80 1 0.5 2 v3 2
3 v3 3
4 v3 4
0 v1 0
1 v1 1

400 12800 80 160 40 40 0.5 1 2 v1 2
3 v1 3
4 v1 4

64 200 32 50 0.32 0.64 0 v2 0
0 v1 0

40 160 20 40 0.25 0.5 2 v1 2
4 v1 4

200 6400 40 160 10 80 0.25 0.125 0 v2 4
0 v3 0

80 80 20 40 1 0.5 2 v3 2
4 v3 4

Table V: Time for individual components of the QDWH
algorithm expressed as percentages of total solver time for
the largest matrix N = 122880 on 800 nodes for two regular
cases without rank reordering (R 2 {1, 0.098}) and the
optimal case with reorder1 and R = 0.64. The numbers
in brackets in third and fourth columns are percentages of
the regular case with R = 1.

regular, R=1 regular, R=0.098 reorder1, R=0.64
Cholesky 49.29 33.7 (39.74) 41.84 (40.7)
QR 40.53 54.61 (78.31) 46.81 (55.38)
timeLi 6.97 6.63 (55.24) 5.44 (37.4)
timeFormH 2.61 2.97 (66.06) 4.19 (76.91)

of profiling analysis. In particular, the square (R = 1) and
most rectangular (R = 0.098) grid topology as well as the
best performing combination of reordering and topology,
i.e. reorder1 and R = 0.64. Lower node counts as well
as the ZOLOPD algorithm will not be considered in this
section. Cray performance analysis tools are used to measure
individual algorithm components and separate computation
and communication time. Table V shows timings for the
Cholesky and QR decomposition as well as the time spent
for the estimation of condition number (timeLi) and the
formation of the polar factor (timeFormH) for the three
cases of interest relative to the total solver time and relative
to the corresponding data for the square topology without
rank reordering. Changing the grid topology from square to

Table VI: Total MPI time and individual components ex-
pressed as percentages of total solver time for the largest
matrix N = 122880 on 800 nodes for two regular cases
without rank reordering (R 2 {1, 0.098}) and the optimal
case with reorder1 and R = 0.64. The numbers in brackets
in third and fourth columns are percentages of the regular
case with R = 1.

regular, R=1 regular, R=0.098 reorder1, R=0.64
Total MPI 84.07 66.25 (45.81) 60.26 (34.37)
Recv 53.33 34.10 (37.17) 25.89 (23.29)
Bcast 3.44 2.18 (36.87) 3.32 (46.35)
Bcast(sync) 3.81 5.93 (90.53) 5.98 (75.30)
Reduce 9.55 2.95 (17.92) 3.08 (15.49)
Reduce(sync) 10.51 16.99 (94.00) 16.86 (76.96)
Send 3.01 3.81 (73.39) 4.87 (77.56)

rectangular without additional reordering notably improves
the QR and Cholesky decompositions while shifting the
focus of the work towards QR. Using the most performant
combination of rank reordering and grid topology further
improves the individual decompositions and levels out the
relative amount of work between the two. Table VI shows the
total communication time and individual MPI components
for the three cases of interest, again relative to the total solver
time and relative to the corresponding data for the square
topology without rank reordering. In all cases, a considerable
amount of time is spent in communication with a dominating
portion in MPI_Recv and collective synchronization in

● Rank-Reordering
● Both row-major and column-

major global rank re-orderings 
have been considered with two 
different on- node orderings. 

QDWH

ZOLOPD



Complete Set of Simulation Results

Figure 5: QDWH solver time as a function of matrix size N for 800, 400, and 200 compute nodes for different combinations
of rank re-orderings and grid topologies. The labels in the legend are described in Table. III.
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Impact of Topology and Rank-Reordering  
QDWH ZOLOPD

Figure 3: Left column shows the QDWH solver time as a function of the ratio R = P/Q for the largest matrix size
N = 122880 for different rank reordering strategies which are numbered according to Table. II. Same for the ZOLOPD
algorithm in the right column with the addition of the ratio r = p/q for the sub-problems as a parameter.

MPI_Reduce. Changing the grid topology from square
to rectangular and then using the optimal combination of
reordering and topology, successively reduces the relative
amount of communication time while keeping the dominant
portion of communication time in MPI_Recv and synchro-
nization in MPI_Reduce. The gap between MPI_Recv
and MPI_Send indicates that a large amount of time is
spent in simply waiting in blocking receivers in point-to-
point communication. Figure 7 shows the relevant part of
the QDWH call-tree. The branches belonging to the QR and
Cholesky factorizations are highlighted together with the as-
sociated MPI_Recv and MPI_Reduce(sync) leafs. The

LU factorization pdgetrf is used for the estimation of the
condition number and the top level pdgemm and pdgeadd
for the formation of the polar factor. These branches also
contain calls to MPI_Recv and MPI_Reduce(sync) but
are less time consuming compared to QR and Cholesky in
the main loop. As already mentioned in [9], the update of
the trailing sub-matrix is the richest phase in terms of point-
to-point communications for the Cholesky decomposition.
Since more processors are involved in that phase when using
a rectangular instead of a square topology, a higher degree
of parallelism can be achieved. The resulting improvement
in load balance helps improving the blocking time in point-
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● QDWH (largest matrix)
● Improvement of the total execution time 

for the QDWH algorithm when lowering 
the ratio R without reordering.

● Row-major in this case, is more beneficial 
than column-major especially on a large 
amount of nodes. 

● Consistent with the ScaLAPACK grid 
topology 

● On-node reordering -c 4,8 yields a better 
performance than -c 8,4 only for R = 1. 
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Figure 3: Left column shows the QDWH solver time as a function of the ratio R = P/Q for the largest matrix size
N = 122880 for different rank reordering strategies which are numbered according to Table. II. Same for the ZOLOPD
algorithm in the right column with the addition of the ratio r = p/q for the sub-problems as a parameter.

MPI_Reduce. Changing the grid topology from square
to rectangular and then using the optimal combination of
reordering and topology, successively reduces the relative
amount of communication time while keeping the dominant
portion of communication time in MPI_Recv and synchro-
nization in MPI_Reduce. The gap between MPI_Recv
and MPI_Send indicates that a large amount of time is
spent in simply waiting in blocking receivers in point-to-
point communication. Figure 7 shows the relevant part of
the QDWH call-tree. The branches belonging to the QR and
Cholesky factorizations are highlighted together with the as-
sociated MPI_Recv and MPI_Reduce(sync) leafs. The

LU factorization pdgetrf is used for the estimation of the
condition number and the top level pdgemm and pdgeadd
for the formation of the polar factor. These branches also
contain calls to MPI_Recv and MPI_Reduce(sync) but
are less time consuming compared to QR and Cholesky in
the main loop. As already mentioned in [9], the update of
the trailing sub-matrix is the richest phase in terms of point-
to-point communications for the Cholesky decomposition.
Since more processors are involved in that phase when using
a rectangular instead of a square topology, a higher degree
of parallelism can be achieved. The resulting improvement
in load balance helps improving the blocking time in point-
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● ZOLOPD (largest matrix)
● Does not manifest a comparable 

improvement to QDWH when rank 
reordering or different grid topologies are 
used.

● This is observed for every node count.
● The reason is assumed to be in the sub-

problem structure and has to be further 
investigated.



Impact of Topology and Rank-Reordering 

Figure 4: QDWH and ZOLOPD solver time for the largest
matrix N = 122880 as a function of the number of nodes.
The best combination of rank reordering and grid topology
is compared to the least performant (regular) SMP-style
ordering. The dashed line shows the ideal strong scaling
for the regular case.

to-point communication. This algorithmic improvement is
solely attributed to the change in grid topology. However,
modifying the topology also implies an improvement of the
on-node communication as can be gathered from the traffic
profiles.

The rank reordering additionally reduces the off-node
communication. Choosing row-major (1 and 2), which
is consistent with the ScaLAPACK ordering, instead of
column-major (3 and 4) rank reordering is expected to
be more convenient because of row-wise and column-wise
communication. And in the rectangular cases this is even
more important. On the other hand, the ZOLOPD algorithm
benefits comparatively much less from reordering and dif-
ferent topologies which is probably due to the composite
solution of sub-problems and has to be further investigated.

VI. INTEGRATION IN CRAY-LIBSCI

Initial support for QDWH polar decomposition and KSVD
singular value decomposition routines was introduced in
Libsci-17.11.1 with updates to the APIs appearing in Libsci-
17.12.1. To enhance use of QDWH and KSVD, several
environment variables appear in these releases to allow
users to experiment with QDWHs convergence tolerance,

to replace scaLAPACKs PDGESVD execution in favor of
KSVDs, and to run a user-provided ELPA eigenvalue solver
library alongside Libsci. In agreement with past benchmarks
of QDWH and KSVD, testing has shown performance boosts
of 2-5x relative to PDGESVD, particularly when used with
ELPA. Future releases of Libsci will include updates to
QDWH and KSVD as well as the addition of ZOLO-PD.

VII. CONCLUSION

We investigated the combined impact of grid topology
and rank reordering on the polar decomposition of dense
matrices using two advanced algorithms, i.e. QDWH and
ZOLOPD, building on top of ScaLAPACK. The focus is
on physically meaningful matrix sizes in the strong scaling
limit which are expected to cause a dominant communication
burden despite dense linear algebra operations are naturally
expected to be computation bound. An extensive number of
simulations for several matrix sizes on different amount of
nodes have been carried out on a dedicated Cray XC system.
The QDWH algorithm profits considerably when choosing
an appropriate combination of rank reordering and grid
topology. An improvement of up to 54% in solver time on
800 nodes for the largest matrix could be observed. On the
other hand, the ZOLOPD algorithm benefits comparatively
much less from reordering and different topologies which
is probably due to the composite solution of sub-problems
and has to be further investigated. Though, strong scaling is
still improved improved in both cases. A few interesting data
points for the QDWH algorithm have been further analyzed
by means of Cray performance tools. The algorithms are as
expected clearly communication bound and most of the time
is spent in the main loop computing QR or Cholesky decom-
positions. The dominant part of the communication time is
spent in MPI_Recv which is successively reduced by using
a rectangular topology and then the most performant com-
bination of reordering and topology. The results achieved
in this work are not necessarily directly transferable to
other dense linear algebra algorithms based on ScaLAPACK
but the present analysis should induce users to experiment
with the rank reordering feature of cray-mpich to exploit
considerable performance improvement with relatively low
effort.
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● Strong Scaling
● Is improved in both cases 

when using the best 
combination instead of the 
least performant SMP-style 
ordering. 

● The best solver times 
approach the ideal scaling 
curve of the least performant 
SMP-style ordering in the 
strong scaling limit. 
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QDWH ZOLOPD

Figure 3: Left column shows the QDWH solver time as a function of the ratio R = P/Q for the largest matrix size
N = 122880 for different rank reordering strategies which are numbered according to Table. II. Same for the ZOLOPD
algorithm in the right column with the addition of the ratio r = p/q for the sub-problems as a parameter.

are less time consuming compared to QR and Cholesky in
the main loop. As already mentioned in [9], the update of
the trailing sub-matrix is the richest phase in terms of point-
to-point communications for the Cholesky decomposition.
Since more processors are involved in that phase when using
a rectangular instead of a square topology, a higher degree
of parallelism can be achieved. The resulting improvement
in load balance helps improving the blocking time in point-
to-point communication. This algorithmic improvement is
solely attributed to the change in grid topology. However,
modifying the topology also implies an improvement of the
on-node communication as can be gathered from the traffic

profiles.

The rank reordering additionally reduces the off-node
communication. Choosing row-major (1 and 2), which
is consistent with the ScaLAPACK ordering, instead of
column-major (3 and 4) rank reordering is expected to
be more convenient because of row-wise and column-wise
communication. And in the rectangular cases this is even
more important. On the other hand, the ZOLOPD algorithm
benefits comparatively much less from reordering and dif-
ferent topologies which is probably due to the composite
solution of sub-problems and has to be further investigated.
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● Focusing on three data points.
● Pure topology change notably improves the QR and Cholesky 

decompositions, while shifting the focus of the work towards QR.
● Using the most performant combination of rank reordering and grid 

topology further improves the individual decompositions and levels 
out the relative amount of work 
between the two.

Table IV: Combinations of rank reordering strategies and global processor grid topologies P ⇥ Q as well as the sub-grid
layouts p⇥ q for the 8 sub-problems on 800, 400, and 200 compute nodes for the ZOLOPD algorithm with corresponding
labels. The numbers in the reorder column correspond to the labels from Table II.

Nodes Ranks P Q p q R = P/Q r = p/q Reorder Label
1 v1 0
1 v1 1

80 320 40 80 0.25 0.5 2 v1 2
3 v1 3
4 v1 4
0 v2 0

800 25600 80 320 20 160 0.25 0.125 2 v2 2
4 v2 4
0 v3 0
1 v3 1

160 160 40 80 1 0.5 2 v3 2
3 v3 3
4 v3 4
0 v1 0
1 v1 1

400 12800 80 160 40 40 0.5 1 2 v1 2
3 v1 3
4 v1 4

64 200 32 50 0.32 0.64 0 v2 0
0 v1 0

40 160 20 40 0.25 0.5 2 v1 2
4 v1 4

200 6400 40 160 10 80 0.25 0.125 0 v2 4
0 v3 0

80 80 20 40 1 0.5 2 v3 2
4 v3 4

Table V: Time for individual components of the QDWH
algorithm expressed as percentages of total solver time for
the largest matrix N = 122880 on 800 nodes for two
regular cases without rank reordering (R 2 {1, 0.64}) and
the optimal case with reorder1 and R = 0.64. The numbers
in brackets in third and fourth columns are percentages of
the total time of the regular case with R = 1.

R=1 R=0.64 reorder1, R=0.64
Total 100 100 (75.44) 100 (47.96)
Cholesky 49.29 34.39 (25.94) 41.84 (20.06)
QR 40.53 52.92 (39.92) 46.81 (22.45)
timeLi 6.97 8.99 (6.79) 5.44 (2.61)
timeFormH 2.61 2.88 (2.18) 4.19 (2.01)

reordering and topology, successively reduces the relative
amount of communication time while keeping the dominant
portion of communication time in MPI_Recv and synchro-
nization in MPI_Reduce. The gap between MPI_Recv
and MPI_Send indicates that a large amount of time is
spent in simply waiting in blocking receivers in point-to-
point communication. Figure 7 shows the relevant part of
the QDWH call-tree. The branches belonging to the QR and
Cholesky factorizations are highlighted together with the as-
sociated MPI_Recv and MPI_Reduce(sync) leafs. The
LU factorization pdgetrf is used for the estimation of the
condition number and the top level pdgemm and pdgeadd
for the formation of the polar factor. These branches also
contain calls to MPI_Recv and MPI_Reduce(sync) but

Table VI: Total MPI time and individual components ex-
pressed as percentages of total solver time for the largest
matrix N = 122880 on 800 nodes for two regular cases
without rank reordering (R 2 {1, 0.64}) and the optimal
case with reorder1 and R = 0.64. The numbers in brackets
in third and fourth columns are percentages of the total time
of the regular case with R = 1.

R=1 R=0.64 reorder1, R=0.64
Total 100 100 (75.44) 100 (47.96)
Total MPI 84.07 76.56 (57.75) 60.26 (28.9)
Recv 53.33 44.08 (33.25) 25.89 (12.42)
Bcast 3.44 3.34 (2.52) 3.32 (1.59)
Bcast(sync) 3.81 4.95 (3.73) 5.98 (2.87)
Reduce 9.55 8.18 (6.17) 3.08 (1.48)
Reduce(sync) 10.51 12.05 (9.09) 16.86 (8.09)
Send 3.01 3.65 (2.75) 4.87 (2.34)

are less time consuming compared to QR and Cholesky in
the main loop. As already mentioned in [2], the update of
the trailing sub-matrix is the richest phase in terms of point-
to-point communications for the Cholesky decomposition.
Since more processors are involved in that phase when using
a rectangular instead of a square topology, a higher degree
of parallelism can be achieved. The resulting improvement
in load balance helps improving the blocking time in point-
to-point communication. This algorithmic improvement is
solely attributed to the change in grid topology. However,
modifying the topology also implies an improvement of



Profiling Analysis of QDWH

CUG 2018 Copyright 2018 Cray Inc.
15

● Focusing on three data points.
● Changing topology and reordering successively reduces the 

relative amount of communication time while keeping the 
dominant portion of communication time in MPI_Recv and 
synchronization in MPI_Reduce.

● Gap between MPI_Recv and MPI_Send indicates that a large 
amount of time is spent in simply waiting in blocking receivers in 
point-to- point communication.   

Table IV: Combinations of rank reordering strategies and global processor grid topologies P ⇥ Q as well as the sub-grid
layouts p⇥ q for the 8 sub-problems on 800, 400, and 200 compute nodes for the ZOLOPD algorithm with corresponding
labels. The numbers in the reorder column correspond to the labels from Table II.
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1 v1 1
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3 v1 3
4 v1 4
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4 v2 4
0 v3 0
1 v3 1

160 160 40 80 1 0.5 2 v3 2
3 v3 3
4 v3 4
0 v1 0
1 v1 1

400 12800 80 160 40 40 0.5 1 2 v1 2
3 v1 3
4 v1 4

64 200 32 50 0.32 0.64 0 v2 0
0 v1 0

40 160 20 40 0.25 0.5 2 v1 2
4 v1 4

200 6400 40 160 10 80 0.25 0.125 0 v2 4
0 v3 0

80 80 20 40 1 0.5 2 v3 2
4 v3 4

Table V: Time for individual components of the QDWH
algorithm expressed as percentages of total solver time for
the largest matrix N = 122880 on 800 nodes for two
regular cases without rank reordering (R 2 {1, 0.64}) and
the optimal case with reorder1 and R = 0.64. The numbers
in brackets in third and fourth columns are percentages of
the total time of the regular case with R = 1.

R=1 R=0.64 reorder1, R=0.64
Total 100 100 (75.44) 100 (47.96)
Cholesky 49.29 34.39 (25.94) 41.84 (20.06)
QR 40.53 52.92 (39.92) 46.81 (22.45)
timeLi 6.97 8.99 (6.79) 5.44 (2.61)
timeFormH 2.61 2.88 (2.18) 4.19 (2.01)

reordering and topology, successively reduces the relative
amount of communication time while keeping the dominant
portion of communication time in MPI_Recv and synchro-
nization in MPI_Reduce. The gap between MPI_Recv
and MPI_Send indicates that a large amount of time is
spent in simply waiting in blocking receivers in point-to-
point communication. Figure 7 shows the relevant part of
the QDWH call-tree. The branches belonging to the QR and
Cholesky factorizations are highlighted together with the as-
sociated MPI_Recv and MPI_Reduce(sync) leafs. The
LU factorization pdgetrf is used for the estimation of the
condition number and the top level pdgemm and pdgeadd
for the formation of the polar factor. These branches also
contain calls to MPI_Recv and MPI_Reduce(sync) but

Table VI: Total MPI time and individual components ex-
pressed as percentages of total solver time for the largest
matrix N = 122880 on 800 nodes for two regular cases
without rank reordering (R 2 {1, 0.64}) and the optimal
case with reorder1 and R = 0.64. The numbers in brackets
in third and fourth columns are percentages of the total time
of the regular case with R = 1.

R=1 R=0.64 reorder1, R=0.64
Total 100 100 (75.44) 100 (47.96)
Total MPI 84.07 76.56 (57.75) 60.26 (28.9)
Recv 53.33 44.08 (33.25) 25.89 (12.42)
Bcast 3.44 3.34 (2.52) 3.32 (1.59)
Bcast(sync) 3.81 4.95 (3.73) 5.98 (2.87)
Reduce 9.55 8.18 (6.17) 3.08 (1.48)
Reduce(sync) 10.51 12.05 (9.09) 16.86 (8.09)
Send 3.01 3.65 (2.75) 4.87 (2.34)

are less time consuming compared to QR and Cholesky in
the main loop. As already mentioned in [2], the update of
the trailing sub-matrix is the richest phase in terms of point-
to-point communications for the Cholesky decomposition.
Since more processors are involved in that phase when using
a rectangular instead of a square topology, a higher degree
of parallelism can be achieved. The resulting improvement
in load balance helps improving the blocking time in point-
to-point communication. This algorithmic improvement is
solely attributed to the change in grid topology. However,
modifying the topology also implies an improvement of

Table IV: Combinations of rank reordering strategies and global processor grid topologies P ⇥ Q as well as the sub-grid
layouts p⇥ q for the 8 sub-problems on 800, 400, and 200 compute nodes for the ZOLOPD algorithm with corresponding
labels. The numbers in the reorder column correspond to the labels from Table II.

Nodes Ranks P Q p q R = P/Q r = p/q Reorder Label
1 v1 0
1 v1 1

80 320 40 80 0.25 0.5 2 v1 2
3 v1 3
4 v1 4
0 v2 0

800 25600 80 320 20 160 0.25 0.125 2 v2 2
4 v2 4
0 v3 0
1 v3 1

160 160 40 80 1 0.5 2 v3 2
3 v3 3
4 v3 4
0 v1 0
1 v1 1

400 12800 80 160 40 40 0.5 1 2 v1 2
3 v1 3
4 v1 4

64 200 32 50 0.32 0.64 0 v2 0
0 v1 0

40 160 20 40 0.25 0.5 2 v1 2
4 v1 4

200 6400 40 160 10 80 0.25 0.125 0 v2 4
0 v3 0

80 80 20 40 1 0.5 2 v3 2
4 v3 4

Table V: Time for individual components of the QDWH
algorithm expressed as percentages of total solver time for
the largest matrix N = 122880 on 800 nodes for two
regular cases without rank reordering (R 2 {1, 0.64}) and
the optimal case with reorder1 and R = 0.64. The numbers
in brackets in third and fourth columns are percentages of
the total time of the regular case with R = 1.

R=1 R=0.64 reorder1, R=0.64
Total 100 100 (75.44) 100 (47.96)
Cholesky 49.29 34.39 (25.94) 41.84 (20.06)
QR 40.53 52.92 (39.92) 46.81 (22.45)
timeLi 6.97 8.99 (6.79) 5.44 (2.61)
timeFormH 2.61 2.88 (2.18) 4.19 (2.01)

reordering and topology, successively reduces the relative
amount of communication time while keeping the dominant
portion of communication time in MPI_Recv and synchro-
nization in MPI_Reduce. The gap between MPI_Recv
and MPI_Send indicates that a large amount of time is
spent in simply waiting in blocking receivers in point-to-
point communication. Figure 7 shows the relevant part of
the QDWH call-tree. The branches belonging to the QR and
Cholesky factorizations are highlighted together with the as-
sociated MPI_Recv and MPI_Reduce(sync) leafs. The
LU factorization pdgetrf is used for the estimation of the
condition number and the top level pdgemm and pdgeadd
for the formation of the polar factor. These branches also
contain calls to MPI_Recv and MPI_Reduce(sync) but

Table VI: Total MPI time and individual components ex-
pressed as percentages of total solver time for the largest
matrix N = 122880 on 800 nodes for two regular cases
without rank reordering (R 2 {1, 0.64}) and the optimal
case with reorder1 and R = 0.64. The numbers in brackets
in third and fourth columns are percentages of the total time
of the regular case with R = 1.

R=1 R=0.64 reorder1, R=0.64
Total 100 100 (75.44) 100 (47.96)
Total MPI 84.07 76.56 (57.75) 60.26 (28.9)
Recv 53.33 44.08 (33.25) 25.89 (12.42)
Bcast 3.44 3.34 (2.52) 3.32 (1.59)
Bcast(sync) 3.81 4.95 (3.73) 5.98 (2.87)
Reduce 9.55 8.18 (6.17) 3.08 (1.48)
Reduce(sync) 10.51 12.05 (9.09) 16.86 (8.09)
Send 3.01 3.65 (2.75) 4.87 (2.34)

are less time consuming compared to QR and Cholesky in
the main loop. As already mentioned in [2], the update of
the trailing sub-matrix is the richest phase in terms of point-
to-point communications for the Cholesky decomposition.
Since more processors are involved in that phase when using
a rectangular instead of a square topology, a higher degree
of parallelism can be achieved. The resulting improvement
in load balance helps improving the blocking time in point-
to-point communication. This algorithmic improvement is
solely attributed to the change in grid topology. However,
modifying the topology also implies an improvement of
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● Changing the grid topology also implies an 
improvement of on/off-node message and traffic ratio 
in addition to algorithmic improvement.
● Rank-reordering provides a pure on/off-node ratio improvement.



QDWH Call-Tree  
QDWH

pdposv_ pdgeqrf_ pdgetrf_ pdgemm_ pdgeadd

pdpotrf_ pdpotrs_

pdsyrk_ pdpotf2_

PB_CpsyrkA

PB_CInV

PB_Cpaxpby Cdgebr2d_0

Cdgebr2d

BI_SringBR

BI_Srecv

MPI_Recv

BI_SringBR

BI_Srecv

MPI_Recv

BI_SringBR

BI_Srecv

MPI_Recv

pdtrsm_

PB_CptrsmAB

Cdgsum2d PB_CInV

MPI_Reduce(sync) Cdgebr2d

BI_IdringBR
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BI_Srecv

MPI_Recv

MPI_Recv

MPI_Reduce(sync)

pdlarfb_

dgebr2d_ dgsum2d_

BI_IdringBR

BI_Srecv

pdgetf2_ pdgemm

igebr2d_

BI_SringBR

BI_Srecv

MPI_Recv

PB_CpgemmAB

PB_CInV

Cdgebr2d

BI_IdringBR MPI_Send

BI_Srecv

MPI_Recv

PB_CpdgemmAC PB_CpdgemmBC

Cdgsum2d

MPI_Reduce(sync)

Cdgsum2d

MPI_Reduce(sync)

PB_Cptran

PB_Cpaxpby

Cdgerv2d

BI_Srecv

MPI_Recv

Figure 7: Call-tree of the QDWH algorithm highlighting the Cholesky (green) and QR (blue) component. The associated
MPI_Recv and MPI_Reduce(sync) are marked in red. The other branches are the LU factorization (pdgetrf) used
for the estimation of the condition number and pdgemm and pdgeadd for the formation of the polar factor.
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QR and Cholesky Polar factor, …
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● A suitable combination of rank-reordering and grid 
topology can considerably improve the performance of 
dense linear algebra algorithms in the strong scaling 
limit. 
● Here we considered advanced polar decompositions. 

● Profiling analysis reveals an improvement of point-to-
point communication in particular in MPI_Revc. 
● Analysis restricted to QDWH
● ZOLO needs more investigation.



Legal Disclaimer

CUG 2018 Copyright 2018 Cray Inc.
19

Information in this document is provided in connection with Cray Inc. products. No license, express or implied, to any intellectual property rights is 
granted by this document. 

Cray Inc. may make changes to specifications and product descriptions at any time, without notice.

All products, dates and figures specified are preliminary based on current expectations, and are subject to change without notice. 

Cray hardware and software products may contain design defects or errors known as errata, which may cause the product to deviate from published 
specifications. Current characterized errata are available on request. 

Cray uses codenames internally to identify products that are in development and not yet publicly announced for release. Customers and other third 
parties are not authorized by Cray Inc. to use codenames in advertising, promotion or marketing and any use of Cray Inc. internal codenames is at 
the sole risk of the user.

Performance tests and ratings are measured using specific systems and/or components and reflect the approximate performance of Cray Inc. 
products as measured by those tests. Any difference in system hardware or software design or configuration may affect actual performance. 

The following are trademarks of Cray Inc. and are registered in the United States and other countries: CRAY and design, SONEXION, URIKA and 
YARCDATA. The following are trademarks of Cray Inc.: CHAPEL, CLUSTER CONNECT, CLUSTERSTOR, CRAYDOC, CRAYPAT, CRAYPORT, 
DATAWARP, ECOPHLEX, LIBSCI, NODEKARE, REVEAL. The following system family marks, and associated model number marks, are 
trademarks of Cray Inc.: CS, CX, XC, XE, XK, XMT and XT. The registered trademark LINUX is used pursuant to a sublicense from LMI, the 
exclusive licensee of Linus Torvalds, owner of the mark on a worldwide basis. Other trademarks used on this website are the property of their 
respective owners.



Q&A

Aniello Esposito
esposito@cray.com


